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Chapter 3

Non homogeneous BVP

3.1 Heat Equation

Suppose that r is positive constant. Solve

kg +7=u, 0 <ax<1,t>0
s.t
uw(0,t) =0, u(L,t) =wup, t >0
u(z,0) = f(z),0<x <1

General Solution I

r
u(z,t) = ——a% + <L + u0> x+ Z A, e F ™ gin pra

2k 2k iyl
where
1
An:2/0 [f(x)+%x2— (%—%uo)}sm nrr dx (3.1)

3.2 Exercise 12.6

Problem Solving 3.1. Use Method1

Solve the equation

/{?Utt:Ut,0<l’<17t>0 (32)
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subject to

u(0,t) = 100, u(1,t) = 100
=0

=)

)
u(z,

Solution to Problem Solving 3.1.

By changing the dependent variable u to a new dependent variable v by substitution
w(z,t) = v(z, £) + () (3.3)
Here r = 0, f(x) = 0. Substitute (3.3) into (3.2) gives

Vs + ke = vy (3.4)
Problem A:
k" =0 (3.5)
U=
=1z + ¢y (3.6)
Apply BC:

u(0,¢) = 100 — $(0) = 100 - Since v(0,¢) =0 I

Eqn (3.6) becomes
100 = ¢1(0) + ¢2 — ¢ = 100. Thus

Y = cyz + 100 (3.7)
Now apply BC: u(1,t) = 100 — (1) = 100 - Since v(1,t) =0 I Thus eqn (3.7)
becomes

100 = (1) = ¢1(1) = 100 — ¢; = 0. Hence

b(x) = 100 (3.8)
Ie: v(z,0) = f(z) —¥(z). But f(z) =0. Now find A, by using eqn (3.1).

A, = 2/1(f(x) —100) sin nrx dz
0

{100 ] !
= — COS N1t
nim 0

_ 20
_’TZTF

[(=D)" =1 (3.9)



3.3. WAVE EQUATION 3

Hence the general solution
u(z,t) = (x,t) + I/<£L‘ t)

200 o~ [(=1)" = 1 gz
-1 W - - n2n
00 + - E sin nmx

n
n=1

3.3 Wave Equation

,0%u  0%u
a’—— = —
ox? Ot
u(0,t) =0, u(L t)=0,t>0

U(JJ,O):f xv

. t t
u(z,t) = Z <A sin m;a + B, sin %) sin n_zx

/ f(z) sin mdm

Bn:— g()sin%dx

Problem Solving 3.2. | Q9 Exercise 12.6 I

When a vibrating string is subjected to an external vertical force that varies with the
horizontal distance from left to end, the wave equation takes on the form

, 0% 82

where A is a constant. Solve the partial differential equation subject to

O<z<L,t>0

at‘to (x), 0<z <L

w(0,8) =0, u(1,£) =0, t >0 (3.11)

u(z,0) =0 =0,0<z<1 (3.12)

u
) Eltzo
Solution to Problem Solving 3.2.
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Use u(z,t) = v(z,t) + ¥ (x) to change (6.24) to new dependent variable v. Eqn (6.24)
becomes

0%v 0%v

2 2 I .
It leads to:
Problem A:
a®" + Az =0, 1(0) =0, (1) =0 (3.14)
Problem B:
v v
2_ —_
o= ap (3.15)
s.t
v(0,t) =0, v(1,t) =0 (3.16)
v
v(2,0) = =¢(@), 5|,y =0 (3.17)
Solve problem A:
11 A
= —E"L‘
/ A,
w = —ﬁl’ —+
U(z) = A P reart 3.18
T) = c 5% tazto (3.18)
Apply BC 4(0) = 0, eqn (6.28) gives
A
0= ’(/J(O) = —@(0) + 01(0) +co—>co=0
A 4
W(x) = ~ 5% + iz
Apply BC (1) = 0, the latest eqn becomes
A
So,
A, A

Solve Problem B by using separation of variables v(z,t) = X (z)T(t). For A = o2, eqn
(6.27) that satisfies BC (3.16) and (3.17) gives the solution
v(x,t) = Z (A, cos nwat + B,, sin nnt)sin nrx (3.20)

n=1



3.3. WAVE EQUATION 5

Where Here f(x) =0,

A, = 2/0 (f(x) —¢(x))sin nrx dx

24 !
-~ 6a? J,

24 1 1
— {/ 2% sin nrw dr — / x sin nmx dw} (3.21)
0 0

(2* — 2) sin nrx dx

~ 6a?

. Consider:

d
/ 2% sin nmadr = xS/ sin nmx dr — /[/ sin nwx,dm]%(:ﬁg)dx

x?)

1
= —(—cos nmwx) + —/ 322 cos nmx dr
nm nm

z3 3 [2* . 1, . d,
= ——cos nrx + — | — sin nwrxr — [ —(sin nwr)—(x°)dx
nm nm | nw nm dz

x3 32 . 6 _
= —— cos nmx + 55 S NTL — —— x sin nmx dx
nm nem nem
x3 322
= —— COos nmx + 55
nm nem

_ 262 {x/sin mrxd:v—/[/ sin mmdx]}
nmw

x3 3x?
= — COs NTx + 73
nm nem

6 T 1
- =5 |———= cosnrx+— [ cos nwx dx
n2mw nmw nm

x3 3x?
= — COS NTx + 3
n4m

nm 2
6
CcoS NTT —
n3ms nimd

sin nwx

sin nwx

sin nwx

sin nrwx

+

nw n?m? n3m3 nimt
1 6
- (—1)"
mr( )"+ n33
1 2
— (1)
mr( )"+ n3m3

1
5 . 23 322 6z 6 .
2* sin nradr = |— cos nwx + sin nrx + cos nTX — sin nrx
0

(=D)"
(=) =1)

1
0

sin n7r:1:]

1
1
/ z sin nrr dr = [r(—— cos nwr) + ——
0 nw nmw

— (-1

nm
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Substitute into (3.42) gives

2A(—1)"
An = n3m3a?
Since g(x) = 0, thus B,, = 0. From (3.43),
24 N[ .
v(x,t) = 2 2 | cos nrwat sin nwx
Solution:
ule,t) = P(z) + oz, )
A 24 < [(=1)"
= @(x —z*) + P [( n3> } cos nmat sin nwx
Q2 Dec 2014
Consider the following BVP
1
uy(z,t) = 2—5um(:v,t) + sin f, O<z<1l,t>0
u(0,t) =0,t>0
u (1,6) =0,t>0
u(z,0)=0,0<z<m
u(z,0) = 200 sin g 0<z<1

a) Interpret the boundary and initial conditions.
b) Determine u(z,t) for ¢t > 0.

;;

(3.22)

(3.23)

a) IC (3.28)(f(x) = 200 sin 3) denotes the initial vertical displacement (transverse vibra-

tion) distribution throughout.

IC (3.27) denotes the initial velocity is zero (release from rest).
BC: u(0,¢) = 0 means that displacement zero at x = 0.

BC: u,(1,t) = 0 is called free-end-condition

b) Let

u(z,t) = v(z,y) + ¢ (z)
Substitute (3.29)into pde gives
1

Lo
utt:%ul’x_'_slni

0%*v 1 (0% i o
w:%(@“”)*sma

(3.29)



3.3. WAVE EQUATION

gives ODE and homogeneous PdE.

1 1"
2—5¢ Fsin T =0

2
0%v 1 0%v
ot2 2502

BC:u(0,t) = v(0,t) + ¢(0) = 0 gives ¢(0) = 0 I
BC:=u,(1,t) = v, (1,t) + ¥,(1) = 0 gives 1,(1) = 0 «- Since v,(1,t) =0 I

Solve eqn (3.30),

"

X
= —25 sin =
P sin
Xz
m(—COS 5)"‘01

=50 cos%%—cl

Y = —25

Y (x) = 100 sin g +ar+c

Apply BC:9(0) = 0 gives
0 =1(0) =100 sin 2 + ¢1(0) + ¢ — ¢ = 0. Thus

(x) = 100 sin g +
() = 50 cos g +a
Next apply BC: 9,(1) =0

Y.(1) =0 =50 cos 1 + ¢1(1) = ¢; = —50 cos 5 = —49.9.

The solution is
¥(x) = 100 sin g 4992
For PDE (3.31) subject to

v(0,) =0, v,(1,t) =0, 0 < x < 1
v(z,0) = 200 sin § — ¢ (z)

Solve (3.31) by using the method of separation of variables. For cases A = 0 and A = —«

give the trivial solution. Now for A = a?, gives

v(z,t) = >, (A, cos nmat + B, sin nrat) sin nrx

Apply IC: vy(z,t) =0,t =0
v =
ot &

0= wv(x,0) = Z (—nmaB,)sin nrx

n=1

= E (—nmaA, sin nrat + nwB,, cos nwat) sin nmx

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

2
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Half-range of 0 of sine series will give By = 0. Thus
Z (A, cos nmat)sin nrx (3.35)
=1

Now apply IC: u(x,0) = 200 sin £ — v(z,0) = 200 sin § — ¥,

o0

v(x,0) = 200 sin 5 — (100 sin — — 43.9) Z Aln] sin nrz

Half-range of 100 sin § + 43.9 of sine series will give A,

2 (! T
A, =— [ (43.9+ 100 sin 5) sin nmx dx
0

™

2 [(43.9 o200 M1 1 1
= [(H) (— cos mrx)} ) +— i §[COS(§ —nm)r + COS(§ + nm)z|dx

-2 [(%) (= cos mm;)K ¢ 20 [m sin (1/2 — n) + m sin(1/2 + n)a

878 . 1 1 | 1
= D+ g s (esin g+ e sin g)

| use cos(A+ B) + cos(A — B) = 2sin A sin B

a2

87.8 . T
= ) T r g in
87.8 0.5

=~ ey - 2
n7r2( (=1)%) 1/4 — n?r2
87.8 2

=220 (—m
n7r2< (=1)%) 1 —n2n?

Hence the solution is given by

u(z,t) = ¢Y(x) +v(x,t) (3.36)
2

87.8
= 100 sin 5 —43.9 + Z (n7r2 (1—(=1)") — 1——7127r2) cos nmat sin nmx

(3.37)
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3.4 Laplace Equation

Standard Formula

Upg Uy =0, 0<z<a, 0<y<b (3.38)
st (3.39)

ou ou
— =0, — =0,,0<y<b 3.40
ox ‘sz " Oz |x:a 0 Yy ( )
u(z,0) =0, u(z,b) = f(x), 0<z <a (3.41)

Solution §:

= .. nm nm

u(z,t) = Aoy + Z A, sinh —ycos —x (3.42)

n=1

2 “ nm

Ay = —F——7—7+ —axd 3.43
asmh%b/o fle) cos o dz (3.43)

Q4 Dec 2014 I Given
Uy +Uyy =0, 0 <z <1, O0<y <1 (3.44)
s.t (3.45)

ou ou
6—y|y:0:o, a—y|y:1:o,,0<:c< 1 (3.46)
u(0,2) =0, u(l,y) = f(y), 0<y<1 (3.47)

Solution J: Use the separation of variable method, u(z,y) = X ()Y (y). Substitute

into pde (3.44),

X'Yy+Xxy' =0
Y// X/l
_— = —— = —)\
Y X
leads to two ODEs.
Y 4 AY =0 (3.48)

X' —AX=0 (3.49)
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For A = 0 gives Y(y) = ¢; and A = —a? gives trivial solution. Now for A = o2, and
translate BC into Y’ = 0 and Y'(1) = 0, (3.48) becomes

Y 4+a?Y =0, Y(0)=0, Y (1)=0 (3.50)
Solve (3.50) gives

Y = ¢ cos ay + ¢ sin ay (3.51)
Apply BC: Y'(0) =0,

Y = —ci1 sin ay + co cos Qy
0=ca(l) = c=0.

So (3.51) becomes
Y = ¢ cos ay (3.52)
Y = —ciasin ay (3.53)

Use BC: Y'(1) = 1. For non trivial C; # 0, sin ay = 0 — o« = nx. Thus for n = 0, and
n > 1, the eigenfunction of (3.50) are

Y=c,n=0and Y =c¢ cosnry, n=1,2,...,.
Now by interchange x <> y, use (3.42),the solution is

u(z,y) = Aoz + Z A,, sinh nmx cos nmy (3.54)

n=1
Where, from (3.43)

2

sinh nm

1
A, = / f(y) cos nmy dy
0



Chapter 4

Orthogonal Series Expansion

e For a certain types of boundary condition s the method of separation of variables
and the superposition principle to to an expansion in a trigonometric series that is
not a Fourier series.

e To solve the problem in this section , we utilize the concept of orthogonal series expansion
or generalized Fourier series.

4.1 Using Orthogonal series expansion

VBP

The temperature in a rod of a unit length in which heat transfer from its right boundary
into a surrounding medium at a constant temperature zero is determine from

0’u  Ou
R _ v 11
0x? 8t70<x< , >0

0
u(0,t) =0, a—z\le = —hu(1,t), h>0, ¢ >0

u(z,0)=1,0<x <1

Using separation of variables with u(x,t) = X (x)T'(t), we find
EX'T = XT
X// 1 T/
_— = —— = —)\
X kT
leads to the separated equation with BC respectively,
X' +AX =0 (4.1)

T + 2T =0 (4.2)

11
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with BC: X(0) =0 and X'(1) + hX (1) = 0.
Solve (4.1); for A = 0, —a? < 0 will yield trivial solution.
For A = a?, eqn (4.1) will yield

x(x) = ¢ cos ax + ¢z sin ax (4.3)

Apply BC: X(0) =0,

X(0) = ¢ cos(0) + co sin (0) =0
Cc1 = 0
X(x) = ¢g sin ax (4.4)

Apply BC: X'(1) +hX(1) =0 on (4.4),

_l’_

X'(1) = aey cos (1)

hX(1) = h(cy sin «

X'(1) = hX (1) = ca(cr cos o+ h sin @ = 0

acosa+hsina=0

Qo I
tan o = 7 < | has an infinite number of roots-see section 11.4

If the consecutive positive roots are denoted a,,n = 1,2,... then the eigenvalues of the

2 corresponding to eigenfunctions are

problem are \, = «

X(z) =cosin ayzn=1,2,3...

The solution of DE (4.2) is
T(t) = caeRont

and so
U, = X (2)T(t) = A, e sin ap (4.5)
and (4.6)
u(z,t) = Z Ane W sin o (4.7)

n=1

Now apply IC;at t=0, u(z,0) = 1,0 < x < 1, so that
1= Z A, sin o, (4.8)
n=1

The series (4.8) is not Fourier sine series. It is an expansion of u(z,0) = 1 in term of
orthogonal functions. It follows that the set of eigenfunctions {sin o, z}, n = 1,2,3...
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where a's are defineed by tan a = —¢ is orthogonal with respect to the weight function
p(z) =1. So
1.
A - f(i sin a, d (4.9)
Jy sin®aZada
To evaluate:
1 1 1
/ sin? x dr = —/ (1 — cos 2ax)dx
0 2 Jo
1 1
Using
sin 2¢v,, = 2 sin «,, cos ay, 4.11)
a, cos oy, = —h sin ay, 4.12)
(4.10) becomes
! 1 1
/0 sin® v, do = B (1 ~ % sin 2an> (4.13)
Lao Loy ) (4.14)
=—(1- in :
) S sin ay, cos ay,
1
= 5(1 — (h cos® ay,) (4.15)
= ﬁ(h + cos® ay, ) (4.16)
! 1
/ sin oy dr = —(1 — cos ay,) (4.17)
0 Qp
Consequently (4.9) becomes
~ 2h(1 — cos ay)
" ap(h + cos? ay)
Finally the solution of BVP is
N 1 —cos an s
u(z,t) = 2h ; on(h T coan) e sin @ (4.18)
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4.1.1 Summary

BVP
wy(2,t) = a®Upe(1,t), 0 <z < L, t >0 (4.19)
w(0,6) =0, ¢ >0 (4.20)
wue(L,t) + hU(L,t) = 0, t > 0 (4.21)
u(x,0) = f(x),0 <z <L (4.22)

General solution

) o2
n=1

Q1 Exercises 12.7 J In example 1 find the temperature u(zx,t) when the left end of the

|

[

rod is insulated.

u  Ou

w—a,0<x<l,t>0 (4.23)
ou ou
%lmzo - O’ %‘1:1 — _hu(]-?t)a h > Oa t>0 (424)
u(z,0) =1, 0<z<1 (4.25)

Solution §:

Let u(x,t) = X (x)T'(t). The substitute into (4.23) gives

X" +AX =0 (4.26)
T+ kAT =0 (4.27)
X'(0) =0and X(0) =0, X (1) +h(X(1) =0 (4.28)

Solve (4.26):
For A =0 and A = —a? < 0 give u(x,t) = 0 (trivial solution). For A = o?,

X(x) = ¢ cos ax + ¢o sin ax (4.29)

Apply BC X'(0) = 0 gives

/

X (0) = —ciasin a(1l) + o cos (1) =0 — Cy =0
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So
X(x) =¢ cos azx (4.30)

Apply the second BC of (4.28) to (4.30) yields

/

X

()
(1)
(1)
(1)

X
X

= —cja sin ax
= —cja sin «

hX (1) = hcy cos a
X' (1) +hX(1) = —cia sin a + ¢1h cos o = 0
=ci(—asina+hcosa)=0
—a sin a4+ h cos a =0

or

h
tan a = —
Q

The last eqn has an infinite number of roots. If the positive roots are denoted by a,,
n = 1,2,3..., the the eigenvalues of the problem are )\, = «a2. The corresponding
eigenfunctions are

X(x) =c¢1 cos apr, n=1,2,3... (4.31)
Solve ODE (4.27) gives T = e %! and so

2
Up = XT = Ape %t cos ayx

and

u(z,t) = Z Ane R0 cos ayx (4.32)

n=1

Now apply IC u(z,0) = 1. At t = 0 so that

u(z,0) =1= Z A, cos anx (4.33)

n=1

The series in (4.33) is an expansion of u(z,0) = 1 in terms of orthogonal function. It
follows that the set eigenfunctions {cos a,x}, n = 1,2,... where a/s are defined by
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tan a = h/a is orthogonal with respect to p(x) = 1. It follows that

! d
fo COS QT dx

A, = -3 5
Jy cos? apxda

1
_ 1 1
cos a,x dr = —[sin a,zx],
0 677

I
= —ssin a,
an

1 2
1
/ cos® ax dr = —/ (1 + cos 2a,x)dx
0 2 Jo

1

1] 1
=—|z+ sin 2a,x| <+ cosx—%
2| 20, B
1-1+ L 2
= — S n
2 | S, in 2
1 1 . )
:§ 1+2 2 8in ov cos a| <+ | use cos 2x = 2 sin x cos x
an
1T 1 . a . .
:5 1+—sman(ﬁsman) — cosa:%sma
«Q
— (b +sin%a)
S
=57 in® o

2h  sin ay,

ay h +sin? a,,

Hence the general solution is

sin o _
u(x,t) = 2h E ° ekt cos a1
ozn (h +sin? a,,)

4.2 Past Sem Paper

Problem Solving 4.1. | Q3 JUN 2012 I

Consider the following boundary-value problem:

up(z,t) = uz(x,t)+2, 0<z <1, t>0
u(0,t) =0, u,(1,t) +u(l,t) =0,t >0
uz,t)=o+1,0<z<1



Chapter 5

Higher Dimensional Problems

5.1 Two-Dimensional Linear PDE that represent Tem-
perature

Given
k(%Jraa—;) :%,O<I<b,0<y<c,t>0
s.t
uw(0,y,t) =0, u(b,y,t) =0,0<y <c, t>0
u(x,0,t) =0, u(z,c,t) =0,0<y<c, t>0
uw(z,y,0) = f(z,y),0<z<b 0<y<c

Apply separation of variables

o O

u(z,y,t) = X ()Y (y)T'(1) (5.1)
Substitute (??) into PDE gives

EX'YT +XY'T)=XYT

or

1 !

. (5.2)
X Y kT ‘

Both sides of eqn (5.2) must equal to a constant —A:

X 412X =0 (5.3)
Y// T/
=4\ 5.4
Y KT (5:4)

17



18 CHAPTER 5. HIGHER DIMENSIONAL PROBLEMS

Introduce another separation constant —pu in (5.4) becomes

1 /

Y T
— = —pand — + A= —
y ~ redgrt a

Y +pY =0and T 4+ k(A + )T =0 (5.5)

Now homogenoues BC:

uw(0,y,t) =0, wu(b,y,t)
u(z,0,t) =0, wu(x,c,t)

g}%{ X(0) =0, X(b) -

Thus we have two Sturm-Liouville problems:
X' +XX =0,X(0)=0, X(b)=0
Y 4+ uY =0,Y(0)=0,Y(c) =0

Solve (5.6):-
Case I: A=0, u=0:

X(x)=cx+cy (5.8)
Apply BC, X(0) =0 on (5.8) gives
X(O) :O:Cl(O)+Cl —cp=0

So X(z) = ciz. Apply BC, X (b) = 0 gives 0 = ¢1(0) — ¢; = 0 Similarly for (5.7) will
give Y(y) = 0 when p = 0.

Case 2: A= —a? <0, u=—a? <0:

Eqns (5.6) and (5.7) become

X (x) = ¢3 cosh ax + ¢4 sinh ar and Y (y) = ¢5 cosh ay + ¢¢ sinh ay will give the trivial
solution when apply BCs.

Case 3X=0a?>>0, u=a® > 0:

The solution of eqns (5.6) and (5.7) are

X(x) = ¢7 cos ax + cg sin ax (5.9)
Y (y) = cg cos ax + ¢1o sin ax (5.10)
When apply BC on (5.9) gives
X(O) :O:C7(1) —c; =0
X(z) = cg sin ax

Apply BC, Y/(b) = 0, give the nontrivial solution: cg # 0, sin a(b) =0 — a = %*. So the

. 2 2 . . .
eigenvlue, \,, = "7~ and the corresponding eigenfunction

X(z) = cg sin %x (5.11)
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Similarly , the eigenvlue and eigenfunction of (5.10) are

A= (5.12)
Y (y) = ¢ sin nr (5.13)
c
Now solve (5.5),
: 2 n?m?
Tjt/k(b2 + g)T:O

A product solution of the two-dimensional heat equation,

(m27'r+n2772 )t . mT . nm

Upn (T, Y, 1) = Apne sin Tx sin —vy
c

where A,,, is an arbitrary constant.
By the superposition principle, the solution,

u(z,y,t) Z Z Ape RT3 gin %w sin %y (5.14)

m=1 n=1
Now apply IC; at t = 0, eqn (5.15) gives

u(z,y,0 Z Z A sin —x sin —y

m=1 n=1

Apn / / f(z,y) sin —x sin Eyalac dy (5.15)

Thus the solution of the BVP consists of (5.14) with A,,,, given by (5.15)

5.2 BVP subjected to the following BC

us (2, Y, 1) = a®[Uge (0, Y, ) + Uyy(z,y,8)], 0 <2 < b, 0 <y <c, t>0
s.t
uz(0,9,t) = uy(b,y,t) =0,],0 <y <ec, t>0
uy(2,0,t) =u)y(zr,c,t) =0,0< < b, t>0
w(z,y,0) = f(z,y),0<z<b 0<y<c
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u(w,y,t) = Ao + Z A cos ( ) Z Aon cos (n_?>
mnzx nmy
+;;Amncos< 2 )cos( . >

_1/C
00 = 3- ;

5.3 Suggested answers

5.3.1 Q4 Jun 2014

Problem Solving 5.1. Consider the following two-dimensional heat equation

w2, Y, t) = Uge(2,9,t) + uyy(z,y,t), 0 <z <21, 0<y<2m, t>0
u(0,y,t) =u2m,y,t) =0,0 <y < 2w

u(z,0,t) = u(z,2m,t) =0,0 <z <27

u(z,y,0) =xsiny, 0 <y <2w

a) Interpret the boundary-value problem above.

b) Determine the temperature distribution u(x,y,t).

a) BVP describe the problem of temperature over the rectangle 0 <z <7 by 0 <y <7
whose the initial temperature is x sin y throughout and boundaries are held at tempera-
ture zero for time ¢ > 0.

b) By using the method of the separation of variable u(z,y,t) = X (x)Y (y)T'(t) and con-
sider the A = a? > 0 and p = o > 0 we obtain the aigenvalues and theirs corresponding
eigenfunctions

)\ _mﬂ'_m _'I’L'ﬂ'_n
mTor T 9 MT o T

and the corresponding eigenfunctions

X(z) = ¢ sin %x, Y (y) = co sin %y
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respectively, where m =1,2,3...and n=1,2,3,...
A product solution of the 2-D heat equation that satisfies BC

_(m?  n? .o m .n
(4+4)sm5xsm§y

Umn = 14mn6

where A,,, is an arbitrary constant.
By the superposition principle in the form of a double sum

U(l’,y,t) = Z Z Amne (= In sin %LL’ sin gy

m=1 n=1
To find A,,,:
Att=0
o o0 n
x sin y = u(z,y,0 ZZAmnsm xsm§y
m=1 n=1

We can find the coefficient A,,,, by using the double integration,

2 2
m n
/ / x siny sin —z sin —y dx dy
o Jo 2"y

Amn -
2m2m

1 [ 22 m 4 m 17 . m
= - coS 57 + ﬁsm 57 sin Y dy
0 0
4 2
= —%(—1)"‘/ sin %ydy
0
4 9 2m
S U P
(1) y
mm m 271,
8

= —-(=)"™((=D)" = 1)

m2r

The solution is given by (5.17) where A,,, = —5-(=1)"((—1)™ — 1),

21

(5.16)

(5.17)
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Chapter 6

VBP In Polar coordinate

6.1 Exercise 13.1/ Q5.Jun 2012

Problem Solving 6.1. | Q13.9

Solve VBP
Pu 10w 10
or2  ror 120062
u(a,0) = f(0), u(b,0) =0

a) Defining u(r,0) = R(r)©(#) and separating variable gives,

=0,0<0<2m, a<r<b

11 1 / 1 1"
R'©+-RO+5R0"=0
r T

P?R'©+rRO+ RO" =0+« | multiply by r I

PR'O+rRe =—Re"
R +rR B _@_” _
R e

The separate equations are

"R +rR —AR=0

0" +X0=0

Solve (6.2) of the problem
0" +10 =0, O0) =06(0+2n)

23

(6.3)
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For A =0:

O(0) = c1 + 20 (6.4)
For A = —a < 0.

©(0) = ¢; cosh ab + ¢y sinh b (6.5)

For A = a? > 0,
©(0) = ¢y cos ab + ¢y sin ab (6.6)

Solution (6.4) is nonperiodic unless Cy = 0. Similarly, solution (6.5) is non periodic unless
¢1 =0 and ¢; = 0. Solution (6.6) will be 27-periodic if we take aw = n. the eigenvalues of
(6.1) are then \g = 0 and A\, =n? n=1,2,3..... If we correspond \yg = 0

with n = 0, the eigenfunctions of (6.1) are

©(0) = c¢1, n=0and ©(0) = ¢y cos nf + ¢y sin nf, n=1,2,3,... (6.7)

Now solve (6.1).
For \g=0,n=0Let R=7" R =mr™ " and R" = m(m — 1)r™2, substituting into
(6.1),

r*m(m — 1)r" 2 +rmr™ 1t =0
(m(m —1)+m)r™ ' =0
m =20,0

So, the solution is
R(r)y=c1+cInr (6.8)
For \ = n?,

r*m(m — D)r"™ 2 + rmr™ = n?r™ =0

The solution is
R(r)=cr" 4+ cor™ (6.9)
Apply BC, u(b,0) = R(b)O(0) = 0. Since ©(f) # 0, thus R(b) = 0 in (6.8) and (6.9) gives

Rb)=ci+caInb=0<c;=—c2Inb (6.10)

So R(r) =ca(Inr—1Inb) =cy In % | from (6.8) I (6.11)
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So from (6.7) and (6.11), a product solution when Ay = 0 is

uo(r,0) = R(r)©(0) (6.12)
= (C2 In %) c1 (613)

Now apply BC; R(b) = 0 on (6.9) give

R(b) = Clbn + Cgb_n =04 c = —Cob_n, Cy = C()bn (615)
So R(r) = —cob™"r" + cob™r™" (6.16)
b\" r\"

-o((;) -G)) (047

A product solution when A\, = n?, n=1,2,... then
(r,0) an (r)” (c1 cos nf + ¢y sin nf) (6.18)

n 9 - - - - C .
Un(r o 2 1 2

Form (6.14) and (6.18) and by superposition principle then solution is,

u(r,0) = up(r,0) + u,(r,6) (6.19)

7/' n b n ,r n .
= Ay In 5+;co ((;) — <5> ) (c1 cos nl + ¢y sin nb)

= Ay In % + ; ((g) — (%)n) (A, cos n + B, sin nf) < | cocy = A, and coco = B,
(6.20)
b) If a=1,b=2and f(f) = cos 0, determine the specific solution u(r, 0):

Apply BC u(a,0) = f(0) gives

£(6) = u(a,0) = Ao In % v Zn: ((g)n - (%)") (A, cos nf + B, sin nf)  (6.21)
- (6.22)
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where

Aoln J = o / £(6

Ay = / cos 60 db
27T ln 5 Jo

1
= _ﬂ‘ [Sin 9](2)71—

A, ((g)n _ (%)") _ % :ﬂ £(6) cos nf dd

21 2
= m/o cos? 00 < | n =1. If n # 1, then orthogonal function, 0 I

2 [
= 3—7T 5(1 + cos 26) df

1
=3 [9 + 5 sin 20)2"

1 2
2
=3,m) =3

n n 21
B, ((2) - (1> > = i/ cos 6 sin no do
1 2 27 /4

1 2T
B, = cos 0 sin nd do
((2) —(3)") 7 /

/ (sin(1 4+ n)f — sin(1 — n)@) dO
)T Jo

2w

2”1 1
= (1 0
7T|:1 n —cos(l+n) +1—n

cos(1 — n)@]
0
on— 1

(1 2r —1
w[1+nCOS +n)2m —1)+ T

(cos(1 — )2 — 1)}
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Consider

cos(1 + n)2m = cos(27) cos(2nm) — sin(27) sin(2n)

=1
cos(1 — n)2m = cos(2m) cos(2nm) + sin(2) sin(2n)
=1
So
B,=0
The specific solution
u(r,0) = zz": (2" —27") cos nb (6.23)
’ 3 n=1

6.2 Wedge-shape plate

e The Dirichlet Problem. The problem is to find a harmonic function u inside a
domain D so that the values of u are prescribed on the boundary 0D of D (u = f
is given on the boundary D).

e The Neumann Problem. The problem is to find a harmonic functionu inside the
domain D so that the normal derivatives of u, (i.e. u ) are prescribed on the
boundary (g—g = g on 0D.) Recall that the normal derivative at a point.

6.2.1 Q5 Jan 2012
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a) BVP
+1 +1 —01< <1 (6.24)
Uy Tu'r TQUGG' — Y 2 r .
s.t (6.25)
1
u(r,0) =0, 5 <r< 1 (6.26)
1
u(=,0)=3 0<0<Z (6.27)
2 4
w(1,0) =0, 0<6 < Z (6.28)
T 1
=0, = 1 2
u(r,4) 0, 5 <7< (6.29)

b) By considering u(r,0) = R(r)H(0), solve the H(f#)-problem and the R(r)-problem.
From (6.24),

1 1 / 1 1
R'H+-RH+—RH =0
T T
PR'H+rRH+RH =0

PR'H+rRH=—RH
T2RN + T’R/ B H//

1

R 7
leads to two ODEs
R +rR —AR=0 (6.30)
H' + ) H =0 (6.31)
We are looking for
H' +\H =0, (6.32)

The three possibles general solution of (6.32),

H(G) =C + 026, A=0 (633)
H(0) = ¢; cosh af + ¢y sinh af, A = —a® < 0 (6.34)
H(0) = c1 cos af +cy sin af, A\ =a® >0 (6.35)

The solution of Cauchy-Euler (6.30) are as follows. Let R = r™ R = mr™ ' R =



6.2. WEDGE-SHAPE PLATE 29

m(m — 1). Substitute into (6.30) and for A = 0, becomes
r*m(m — )r"™ 2 + rmr™ ! =0
m(m — D)r™ + mr™ =

m2r™ =0

m = 0,0« | equal real, R(r) = c1r™ 4+ cor™ In r

Thus the solution is
R(r)=c1+cInr (6.36)
For )\, = a?, (6.30) becomes

r*m(m — )r" 2 + rmr™ 1t — a*™ =0

(m? —a*)r™ =0

m = «a, —a < | real and different olutionR(r) = ;7™ + cor™ ™2

Thus the solution is
R(r) = c1r® 4+ cor™@ (6.37)
c¢) Apply BC on H-problem:

The BC (6.26) and (6.29)w5 together with (6.30) constitute a regular Sturm-Liouville
problem

Now apply BC (6.26) and (6.29): wu(r,0) = R(r)H(0) = 0. Since R(r) # 0, so
H(0)=0. u(r,m/4) =0 — H(%) = 0.
The regular Sturm-Liouville problem:

™

H' +X\H =0, H(0) =0, H($)=0. (6.38)

From (6.33) gives

H(0) = 1+02(0) —0—c=0
So H() = 6.39)
H(%) —0—>¢ =0 (6.40)
Thus u(r,0) = 0 when A = 0.
From (6.34),
u(r,0) = ¢; cosh(0) + ¢; sinh(0) =0

=c=0— ¢ =0.
Sou(r,0) = ¢y sinh o (6.41)
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From BC (6.29): u(r,7) = R(r)H(}) =0 — H(}) =0.

1
u(r, %) = ¢; sinh oz%

This solution is unbounded and nonperiodic unless ¢; = 0, So the solution is trivial.
Now apply BC (6.26) and (6.29) on (6.35),

u(r,0) = ¢; cos(0) + ¢2 sin(0) =0
=c1=0—c=0

For nontrivial solution ¢, # 0, so sin af = 0 — o = 4n. So the problem (6.38) possesses
eigenvalues \, = 4n, n =1,2,.... The eigenfunction is

H(0) =cysin4nf, n=1,2,3,... (6.42)

Apply BC on R-problem:
Transform BC (6.27) give R'(1) = 0. From (6.36)

R(r)y=ci+cInr
’ Co
,
Ca

R(O):T—>CQZO

R(r) = (4, So the solution is trivial.
Since we want R(r) to be bounded as r — 0, so eqn (6.37) we find that ¢ = 0 and
A = a =4n. Thus (6.37) becomes

R(r) = cyr™™ (6.43)
d) From (6.42) and (6.43) we obtain a product solution

up(r,0) = R(r)H(0)
= 17" (cy sin 4nb)

= A,r*"sin 4nf

And by using the superposition principle we obtain the solution of the steady-state tem-
perature,

u(r,0) = Z A,r*™ sin 4nf (6.44)

n=1
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Now find A,,: apply BC u(1/2,0) =3
1 = "
29 =3— A (=
u(5,0) =3 ; n<2)

1 4n %
A, (—) = / 3 sin 4nd db
2 0

3 x
= E[_ cos 4nb);

3 T
= R(_ coS 4nZ +1)
= 20— (-1
A= 220

Therefore the steady-state temperature is

u(r,0) = zi (27)%(1”_ (=1)") sin 4nf (6.45)

n=1

6.3 Domain of Disk, Semi-Disk, Annulus and Wedge
1. The Dirichlet Problem:

u=f
on the boundary & D

4

Au=0

inside the domain D

Figure 6.1: The Dirichlet Problem

2. The Neumann Problem:

3. Let a disk of radius, » = a. The domains are
A wedge: 0 <r <a;0<p;
An annulus: 0 < a <r < b;
Exterior of a circle: a < r < b:
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3 wiam=g
Exteior unit normal on the Boundary 3 D
weclons

A u=0

inside the domain D

Figure 6.2: The Neumann Problem

6.4 Q5 Jan 2013

a) The solution Laplace equation in polar u,, + %ur + T%ugg =0
is given as
u(r,0) = Ao+ By Inr+> 7 (A" + Bur™) cos nb + (Cpr ™" + D,,r") sin nb)
State the domain that describe heat distribution in,
i) Disk,
ii) Annulus,

iii) Exterior Domain.

b) Consider a semi circular disk of radius » = 1. The temperature on its circumference
is governed by the function,

f(f) =7 sin 6 — sin 26
while on its diameter the temperature is zero.

i) Express the problem as a boundary problem in polar variables.

ii) Let the solution be u(r,0) = R(r)T(f#) where T'(0) the angular component of the
solution. By the separation of variables show that the solution, u(r, 6), within
the semi circular disk is u(r,0) = 7r sin 0 — r?sin 26.

a) Let radius of the disk is 7 = b. The the domain of
Disk:D ={0<r <b,0<0 <27}

Annulus: D = {a < r < b, 0 < 6 < 27} where a= inner circumference of the disk,
b=outer circumference of the disk.
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Exterior domain: D ={b <r < 0o, 00 < 27}

b) i) BVP

uw+;ur+ﬁu@9:0, O<r<r 0<fO<<m
s.t
u(r,0) =0, 0<r<1
u(r,m)=0,0<r<1,0<0<m
uw(l,0) =7msin @ —sin 20, 0 <0 <m
if)

Using the separation variable method wu(r,0) = R(r)7T'(f) and distribute into PDE gives

1

r2

PR'T+rRT+ RT =0
r?R'+rR T

1 1, 1
RT+-RT+ —=RT" =0
r

/!

R 7
leads to two ODEs,
R +rR —AR=0 (6.46)
T +XT =0 (6.47)

Translate BC : u(r,0) = R(r)T'(0) = 0 — T'(0) = 0, since R(r) # 0. And BC: u(r,7) =

R(r)T(m) =0 — T'(w) = 0 since R(r) # 0.

ODE (6.47) together the translated BC above will constitute the Sturm-Liouville problem,
T" +XT' =0, T(0) =0, T(r) =0 (6.48)

The solution of (6.48) are

T(0) =c1 + ¢, for A =0 (6.49)
T(0) = ¢; cosh af = ¢, sinh af), for A\ = —a® < 0 (6.50)
T(0) = c; cos ab + ¢y sin af, for A = a? > 0 (6.51)

Now use BC: T'(0) = 0 and T'(7) = 0:

T(O) =C +CQ(0) —c =0
T(@):cl
Tm)=c=0—¢=0
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Thus the solution is trivial.
Next apply BC, T'(0) = 0 and T'(w) = 0 on (6.51) gives
T(0) = ¢; cos (0) + ¢2 sin a(0)
=¢1(0)+0—=c¢ =0
T(0) = ¢y sin o
T(r) =c sinar =0

For non trivial solution, ¢; # 0, but sin ar = 0. So ar = nm — a = n. Thus the
eigenvalue A\, = a?> =n? n=1,2,... and the correspondence eigen function of (6.48) ,

T(0) = ¢; sin nd (6.52)

/

Now we solve the Chauchy-Euler problem (6.46). Let R = r™ R
m(m — 1)r™=2 and substitute into (6.46) becomes

11
= mr™ ! R =

rm(m — D™+ rmr™ = ™ =0

(m?> —m+m)r™ =0+ for \g =0 I

m =20,0

So R(t)=ci+colnr<+| R(r)=cr™+cyr™Inr I

(6.53)
rmm(m — Dr™ 2 frmr™ Tt —n2r™ = 04| for \, =%, n=1,2,... |
(m? —n?)r™ =0
m=mn,—n
So R(t) = c1r™ 4 cor™ " | real and different roots I
(6.54)

For periodic solution ¢o = 0 of (7.37) and for bounded solution ¢ = 0 of (7.38). A
product solution is

Up(r,0) = c1r" ¢1 sin nf (6.55)
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By superposition principle, the solution is

u(r,0) = Z A,r™ sin nf (6.56)
n=1

Now apply BC: u(1,0) = 7 sin 6 — sin 26 becomes

u(1,0) = 7 sin 6 — sin 20 = Z(ﬂ' sin 6 — sin 20)A,,(1") sin nd df
0

A, = z/ (7 sin 6 — sin 26) sin nf df
0

™

< | half range of 7 sin # — sin 20 in sine series I

:2/ ﬂsinnﬁsinng—z/ sin 26 sin nf db
0 0

™ ™

For different value of n gives the results is zero (orthogonality).
Now Forn =1 — Aj;:

2 ™
Alz—/ 7 sin® 0 df
0

T
2 [T —

:_/ (1 — cos 26) 40
T Jo 2

= [6—%sin 20
=(r—0)—-0=n

For n =2 — Ay;

Ay == z/ sin® 260 d6
0

T
2 [MT/(1—

:_/ ( cosQ@)de
T Jo 2
P T

= ;[9 — 5 sin 2013
1

— 2 ((1-0)—
Y00

=1

The solution is

u(r,0) = Ayr sin nf + Aor™ sin nf

=77 sin 0 —r? sin 260
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6.4.1 Graph of u(r,0) = 7r sin § — r? sin 20
> restart;
> a:=Pi*r*sin(theta)-r"2*sin(2*theta);
a:=mrsin(f) — r?sin(26)

> plot3d(a,r=0..1,theta=0..Pi,axes=boxed);

1 \\\\\ R
'E TN

] TTHHHHnt
. ] \\\:\\\\\\\\\\\\§§§§§§tggsat

1 NAAANRRSSSSSSS

N “\““““‘s“s:"
0 R 0
<

S

> “7plot3d

6.4.2 APR 2011

E

a)

H(0)-problem:Consider u(r, theta) = R(r)H (#). Substitute into PDE give

PR 4+rR —AR=0, a<r<b (6.57)
H +)H=0<0<n (6.58)

Eqn (6.58) together with BC constitutes Sturm-Lioville problem
H' +)\H =0, H0)=0, H(x) =0 (6.59)
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Solve problem (6.59) becomes

ST ey -

H(0) = ¢; cosh af + ¢5 sinh af | for A = —a? <0 I (6.61)
H(0) =c; cos afl + ¢y sin af | for A =a? >0 I (6.62)

Apply BC:
For (6.60),
H(O) :O:C1+CQ<O> —c =0
H(Q) =C1
Hr)=c=0—-c¢=0

Thus (6.60) gives trivial solution.
For (6.61),

H(O) = Cl(l) + CQ(O) —c =0
H(0) = ¢y sinh af
H(m) = ¢y cosh(am) =0 — ¢

Similarly, (6.61) gives trivial solution.
Now for (6.62) gives

HO0)=c1(1)+c(0) ;=0
H(0) = ¢y sin b
H(m) =cysinar =0

For non trivial solution, ¢; # 0 but sin ar = 0 — am = nm — a = n That is A = n%.So
the solution

H(0) =cysinnh, n=1,2,... (6.63)
R(r)-Problem:Now solve Chauchy-Euler (6.57). Let R = r™ gives

r*m(m — 1)r" 2 +rmr™ ™t — \r™ =0

(m?* = \)r™ =0

m=20,0<+1| for A =0 and I

(m*> —n)r™ =0

m=mn,—n <+ | for A =n? I
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gives the following results

R(r)y=c1+cInr (6.64)
R(r) =cir" 4+ cor™" (6.65)

For bounded to r = 0, (6.64) and (6.65) becomes

R(r)=¢ (6.66)

A product solution is
Un(r,0) = (c17™ + cor™ ") ey sin né (6.68)

By superposition principle, the solution is

u(r,0) = Z [(c1r™ + cor™™) sin nb (6.69)
n=1
Now use BC: (b,0) = 0: From (6.65),
R(b) = Clbn + Cgb_n =0—=c = _Clen

Substitute into (6.69)

u(r,0) = Z (clr" + cgr’") co sin nb (6.70)
n=1
> b2n
= ch (r” — —) ¢y sin nd (6.71)
/r:n

1

TQn _ b2n
A (2 Yt (6.72)
rn
1

n

NE

n
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262 sin nb db

92/ sin nf do — /[/ sin nGdQ} 5(92)(19

92(—lcos nd) + 2/ 6 cos nf d@]
n

n

= —iQZ cos n@}g + l (9 / cos nf df — /[/ cos nb dH]dH)
nm nm

8 .0 1 ™
= —?((—1)”) + E[E sin n0|0 + —5 Cos ”‘9’0]
8
=——(=D)")+ - ((=1)" = 1)
(—8 +8(—1)" — 4n*72(—1)"
n3mw
a"(—8 + 8(—1)" — 4n?*r2(—1)"
n37r(a2” — p2n

I
3
RN
=
(&)
3
Q‘
3
o>
(&)
3
N——
Il
c\:‘

Sk N 3

| B E— |

A, =

The solution is given by (6.72) where A, is the above eqn.

39
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Chapter 7
OCT 2010

7.1 Q5 QCT 2010

Q5 OCT 2010 I

Consider tha Dirichlet problem for steady-state temperature of an annulus,

By using SOV with u(r.#) = R(r)H(8}, show that the solution for u(r,8) has the form

a)
ulr,6) = Ag + Byinr + Z(A_.,r" + B,,r'“)cosna + (C,,r" + D,,r'")shn&
=1
b) Hence, determine u(r,8) if the temperature aiong the boundaries of the annulus are

given by

u(2,8) =8¢cosf +10sind

u(4,6)=15cos @ +17sing
a) By using SOV u(r,0) = R(r)H () and substitute into PDE gives two ODEs

rR"+7rR —AR=0 7.1)
H' +)\H =0 )

We are seeking a solution of the H(6)-Problem
(7.3)

H' +)\H =0, H(§) = H(# + 2n)

41
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It will form an orthogonal set on the interval [0, 27].
The three possible general solution s of (7.2),

H<9)201+C20, A=0
H(0) = ¢; cosh afl + ¢, sinh af, A = —a? < 0
H(0) = c1 cos afd +cy sin af, A=a* >0

Solution (7.4) is periodic if Cy = 0. Similarly, solution (7.5) is periodic if ¢; = ¢co = 0.The

constant solution

H(Q) = C1
can be assigned any period, and so A = 0 is an eigenvalue.
Solution (7.6) will be 27-periodic if « = n, where n =1,2,.. ..

The eigenvalues of (7.6) are \g =0 and \, =n?, n=1,2,....
The correspondence eigenfunctions are

H)=c¢,n=0
H(0) =c1 cosnf+cysinnh, n=1,2,...

R(r)-Problem:
The Chauchy-Euler DE (7.1) are

Rry=ci+colnr, n=0
R(r)=cir"+cr "n=12...

Thus product solution u,, = R(r)H (#) for Laplace’s equation polar are

ug = (c1 + ¢co In7r)(cy)

=cici+cieplnr

=Ay+ByInr<«| Ay=-cicg and By = ci¢o I

Uy = (17" + cor™")(¢q cos n@ + co sin nd)

= (c1e17™ + c1c9r ™) cos b + (crear™ + cacor™™) sin nf
= (A" + Bpr") cos nf + (Cpr™ + Dyr™") sin nd

The superposition principle then gives the solution

(7.7)

u(r,0) = Ag+ By In r+ Z ((Anr" + B,r") cos nf + (Cpr™ + Dpr™™) sin n&) (7.12)

n=1
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b)
Apply BC: u(2,0) = 6cosf + 10 sin 6

u(2,0) =6 cos 0+ 10 sin 6 = Ag+ Boln 2+ Y ((An2" + Bp2™") cos nf + (C,,2" + D,,27") sin 1

n=1

1 2m
A0+Boln2:—/ (6 cos 6+ 10 sin 6)do
2 Jo

1
=5 [6 sin @ — 10 cos )2
7r

1
=—(0—-10(1—-1)) =
S (01001 1)) =0
So
u(2,6) =6 cos 6 + 10 sin 6 = Z (An2" + B,27") cos nd (7.14)
n=1
1 27
Ap2"+ B27" = —/ (6 cos 6 + 10 sin ) cos né (7.15)
T
1 ’ 27 2
:—</ 6cosecosn9d€+/ 108iﬂ9605n8>
m 0 0
(7.16)
when n =1 (7.17)
B1 1
=6 (7.19)
Thus

4A, + By = 12 (7.20)
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1 2
C,2"+ D,27" = —/ [6 cos 6 + 10 sin 6] sin nd df
0

Dl 1 2 1 2
201—1——:—/ 6COS€Sin9d0—I——/ 10 sin @ sin 6 dO
0 0

2 s ™
1 . 10 [*
= —gin? 8|§ + — sin’ 0 d#
T T Jo
10 (2™ 1 — cos 20
—04+ — - =
T Jo 2
1 1 27
= 10 Q — —sin 26
T |2 4 0
=10
D
So 20, + 71 =10
Thus
4C1+ D, =20 (7.21)

Now apply BC: u(4,0) = 15 cos 6 + 17 sin 6:

1 2m
Ag+ By In 4 = —/ (15 cos 0 + 17 sin 6)do
2m Jo
=0
Thus
Ao+ Byln4=0 (7.22)

From (5.15) and (7.22) give Ay =0, By = 0.
Next,

1 2m
A 4"+ B AT = —/ (15 cos 6 + 17 sin 6) cos nf df
0

T
B, 1 [” , : .
4A, + i (15 cos 6 cos 0 4 17 sin 6 cos 0)df <—| Orthogonal series expansion: n = 1
T Jo
L (157 +0)
= — (157
7T
=15

B
so, 4A;, + Zl =15

Thus

164, + By = 60 (7.23)
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From (7.20) and (7.23); (7.23)-(7.20) gives

124, =48
A =4
16(4) + By =60
Bl - —4
Finally,
1 27
Cd"+ D, 4" = —/ (15 cos 6 + 17 sin ) sin nd df
T Jo
D, 1 [” : o . :
4Ch + i (15 cos 6 sin 6 + 17 sin 6 sin §)df <—| Orthogonal series expansion: n =
T Jo
Lo+17m)
= T
s
=17
B
so, 4A; + 117
4
Thus

Apply (7.21) and (7.24), we solve for Cy and D;. (7.24)-(7.21) gives

12C; = 48
Cp =4

16(4) + Dy = 68
Dy =14

The solution is

u(r,0) = (4r — 4r~) cos 0 + (4r + 4r~ ) sin 0 (7.25)

7.1.1 Q4 APR 2010

a)

The eigenvalues and eigenfunctions of

X" +AX =0,X(0)=0, X(1) =0 (7.26)
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QUESTION 5

Consider the following nonhomogeneous wave equation

up(x,t)=4u, (x,t)+xe ™, 0<x<1, t>0.
ul0,t)=0

ult.t)=0

u(x,0)=0

u,(x,0)=0

W) wlaal

a)  Using the method of eigenfunction expansion, show that F, (¢ P

b}  Determine the general solution for u,(t) using the method of undetermined coefficients
together with the condition u(x,0)=0.

¢)  Using the initial condition given, find the specific solution for the boundary value problem.

are found to be

A = a2 =n’r% and sin nrx, n=1,2,3,... (7.27)

If we assume that

o0

u(z,t) = Z up,(t) sin nrx

n=1
)

Upy = Z U, (t)(—n*7?) sin nraw (7.28)

n=1
o0

Uy = Z u, (t) sin nre (7.29)

n=1
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We can write F(z,t) = ze %

= Z F,(t) sin nmx
1
F.(t) = —/ ~2tsin nrx dr

= _2t/ x sin nwz dx

—x 1
—cos nmxr + — | cos nmxdr
nmw nmw

1 1

n2m2

- T
=272 |- cos nmx +
nmw

sin mm}
0

N 1
re = Z (26_2t (—(—1)”“)) sin nwx
nw

n=1

So F,(t) =2 (%) e 2t
b) Substitute (7.28), (7.29) and (7.32) into PDE gives

Uy — Mgy = Te 2

i [ ) + dn’r un(t)} sin nrz = i (ze2t (%(_Dnﬂ)) PR

n=1 n=1

By equating the coefficients of sin nmrx,

() + An?7u, () = 2¢~ (L(_DW)

nw
Solve (7.35) by using undetermined coefficients; Auxiliary equation

m? + 4n’r? =0

m = 2nmi, —2nmi < | complex roots I

The complementary solution,

Une(t) = ¢1 cos 2nmt + ¢o sin 2nt

47

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)
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Particular solution
Upp(t) = Be ™
u = —2Be %
u = 4Be %

Substitute into (7.35) gives

4Be %' + 4n*n%Be~?

By equating the coefficient
B(4 + 4n*n?) = (

From (7.37) gives

e
207 (1 + n?r2)

2(—
nm

CHAPTER 7. OCT 2010

2(_1)n+1
nm

()

of and e=% becomes

)

i (7.37)

(7.38)

Thus the particular solution

(-1

Unp (1)

(

Hence the general solution
Un () = Une + Uny

= ¢y cos 2nnt +
Apply u(z,0) = 0:

up(x,0) =0

2nm(1 + n?n?)

C1(1) + 0+

(7.39)

(-1
2nm(1 + n?n?)

co sin 2nmt + <

(-1

2nm(1 + n?m?)

(-1

&1

Hence the general solution

2nm(1 + n?n?)

(-1

= (0

2nm(1 + n?n?)

) cos 2nmt + ¢y sin 2n7t + ( (7.40)

2nm(1 + n?n?)
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c¢) The solution,

o0 yr+2 . (—1)n+ "
u(z,t) = Z {(27” | +n27r2)> cos 2nmt + ¢y sin 2nmt + <2n7r(1 +n27r2)> e } sin nmx

" (7.41)

Apply BC: w(z,0) = 0:

3 [( (-1 )) (—sin 2n7t) + 2¢, cos 2nmt — 2 < (- )> e—%} sin n

2nm(1 4+ n?n? 2nm(1 + n?n?

n=1
n+1
— e, o 2D
2nm(1 + n?m?)
n+1
- (2n7r 1+ n2n? ) (7.42)

Hence the solution VBP is given by (7.41) where ¢, is given by (7.42).
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Given
1 1
urr+—u—r+—2u—99:0,r>c, <<
r r
u(c,0) = f(0), —m <0<

a) Determine the solutions for R(r)-problem:
Let R=7" R =mr™ ' R" =m(m — 1)r"2 and sunstitute into

R +rR —AR=0 (8.1)

r*m(m — )" 2 +rmr™ =A™ =0 (8.2)
(m*> = \)r™ =0 (8.3)

Since "™ # 0, (8.4)

m=n,—n+| for A =n? I (8.6)

The solution are

R(r)y=c1+cInr
R(r) =cir" 4+ cor™"

R(r) are unbounded as r approaches to oc.
The solution of R(r)-problem are

R(r)=c¢ (8.9)
R(r) = cor™ (8.10)

o1
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b)Thus The product solution is

un(r,0) = Agcr + cor " (c¢q cos nf + co sin nh) (8.11)
= By + 1 "(A, cos nf + B, sin nf) < | By = Agc1, A, = 12, By = 169 I
(8.12)

Hence the general solution is
u(r,0) = By + Z r—"(A, cos nf + B, sin nh) (8.13)
n=1

Now apply BC:f(0) = u(1,0) =7 — ||

1 iy
By = %/_ﬂ(w— 10]) do
1 0 T

(1 (=0))do+ — [ (x—0)do

T or _,r 2 Jo

1 1,10 1 1.,]"
—{w9+§9}_ﬂ+%{w9—§9}0

A, = —/ (7 — 10]) cos nf do

—T

0 1 ™
:—/ (7 + 0) cos n9d6’+—/ (m — 0) cos nmwdf
0

T ) 7r

e S et
ity

mn?

B, = —/ (m —10]) sin nb db
by -
= —/ (m 4+ 0) sin nQd@—i——/ (m — 0) sin nd db
T ) T Jo
(—mn +sin(mn))  (—mn + sin(mn))
= e — g (8.14)

_o (8.15)

The solution is give by (8.13) where By, A, and B, is given by the above .
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8.1 Dec 2013
a) Apply SOV u(z,y) = X(2)Y (y) gives two ODEs

X 4 AX =0
Y —AY =0

The Sturm-Liouville associated eqn (8.16) and BC then
X' 42X =0,,X0)=0,X(7)=0

The solutions are

X6 aror e am0

X(z) = c3 cosh az + ¢4 sinh az +| A=—-a?<0 I
X(z) = ¢5 cos ax + ¢g sin ax )\:a2>OI

Thus The solution is trivial. Similarly for eqn (8.20). For eqn (8.21)

X(O):0:C5(1)+66<0)—>C5:O
X(x) = ¢ sin ax

X(m) = ¢g sin ar

23

(8.19)

(8.20)

(8.21)

(8.22)
(8.23)
(8.24)

For non trivial solution Cg # 0 but sin ar = 0 that is ar = nm — a = n. Thus the

solution is
X(z) = ¢ sin nx

From ODE (8.17) with BC u(z,1) = 0 — Y (1) = 0

(8.25)



o4

CHAPTER 8. JUN 2014



